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Abstract 
The mathematical model of a transport aircraft would be subjected to a sudden change when heavy cargo is dropped off in air-
dropping, which exerts serious influences upon the safety of the aircraft. A variable structure controller is specially designed for 
handling the airdrop process. The nonlinear system is linearized by input-output feedback linearization using differential geome-
try theories. On this basis, an inner loop system for velocity and attitude tracking control is designed by using the exponentially 
approaching rule of the variable structure theory. The whole flight control system is integrated with the outer loop flight altitude 
control. Digital simulation evidences the applicability of the system to potentially catastrophic course in airdropping heavy cargo 
and provides robustness against system parameter perturbation. 
Key words: flight control; airdrop; nonlinear control system; variable structure control; feedback linearization; sliding mode con-
trol
1. Introduction1 
When a transport aircraft loaded with heavy cargo 
performs an airdropping task, its mathematical model 
will be subjected to sudden changes the instant the 
cargo is dropped off the aircraft. The model’s alteration 
inevitably leads to significant fluctuation in aircraft 
altitude, which, in the case of minimum altitude airdrop, 
might result in a fatal crash. Till now, most of research-
ers have laid their focus on analysis and simulation of 
airdrop systems[1]. Modern precision guidance and con-
trol technology has found broad applications in high- 
altitude precision airdrop systems. From pilots’ view, 
airdrop mission could be fulfilled by means of airborne 
airdrop equipment alone, which guarantees the safety 
of both aircraft and pilots[2-3]. However, researches on 
the safety of the minimum altitude airdrop are still 
rarely documented in domestic and foreign published 
works.  
Feedback linearization can remove nonlinear fea-
tures from the system and provide a linearized and de-
coupling closed-loop form[4]. Besides, variable struc-
ture control has advantages such as insensitivity to pa-
rameter changes and disturbances, removal of needs for 
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on-line identification, and simplicity in physical reali-
zation[5]. As a result, differential geometry is used in 
combination with variable structure control to design a 
controller for handling the potentially catastrophic 
course in airdropping. This strategy not only takes ad-
vantage of nonlinear transformation to simplify the 
control system design, but also brings into full play 
sliding mode’s invariance against system perturbation 
and disturbance[6]. 
2. Aircraft Mathematical Model and Feedback Lin-
earization 
2.1. Aircraft mathematical model  
Taking a certain model of transport aircraft as the 
research object, this article first stipulates the condi-
tions as follows: ķ The cargo is located on the longi-
tudinal axis, ĸ The aircraft configuration and the 
distribution of mass inside are symmetrical with the 
longitudinal plane, Ĺ The symmetrical motion pa-
rameters will not yield asymmetric forces and mo-
ments[7], and ĺ Nonlinear kinetic model is estab-
lished only in longitudinal direction. The potential 
catastrophic course can be divided into two phases: ķ 
the period before the cargo is dropped off the plane, in 
which the cargo is moved to the end of cabin and ĸ the 
period after the heavy cargo has left the plane, in which 
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the mathematical model is subjected to a sudden 
change. This article is about to set up a nonlinear dy-
namic model for both of the two phases. 
The movement of the cargo in the plane can be re-
garded as an external force (disturbance)[8]. The mathe- 
matical model for the first phase is 
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(1) 
where V is the aircraft flight velocity, m·s1,  the at-
tack angle, rad,  the pitch angle, rad, q the pitch angle 
velocity, rad·s1, h the aircraft flight altitude, m, Fp the 
hauling force that makes the cargo move, Ba  the ac-
celerated speed of the cargo, vB the cargo velocity. 
The total weight is 
A Bm m m   
where mA is the mass of the plane and Bm  the mass of 
the cargo.  
The engine thrust force is 
p pT N   
where p is throttle input with an operation ranging 
from 0 to 1 (or 0%-100%), where 0 corresponds to zero 
thrust force and 1 to maximal thrust force, and Tmax = 
320 800 N. 
The drag force is 
e0 0 e
[ ( ) ]W W WMa WW qS C C C Ma C 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where q  is the dynamic pressure, S the wing area, Ma 
the Mach number, and e the elevator deflection, rad.  
The lift force is 
e0 0 e
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      
The resultant moment in longitudinal direction is 
A T BM M M M    
where MA is the aerodynamic pitching moment, MT the 
thrust moment, and MB the additional moment caused 
by the moving cargo. MA and MB can be expressed as 
follows: 
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where cA is the wing mean geometric chord, d the x 
value of the moving cargo. 
The engine’s setting angle is 0°, thus 
T TM TZ  
where ZT is an engine location.  
Due to limited space, some aerodynamic coefficients 
in aerodynamic force equations and moment equations 
will not be introduced in detail. They can be obtained 
through wind tunnel experimentsˈsuch as CW0, CW, 
CWMa, 
e
,WC  Cm0, CmMa, Cm, Cmq, e ,WC  CA0, CA, 
eAC  and CAMa. 
Nonlinear mathematical model after the cargo leaves 
the plane is 
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where m = mA, M = MA+MT. 
The system’s state vector and input vector for the 
airdrop models are chosen as 
x = [x1  x2  x3  x4]T = [V    q  ]T 
U = [e  p]T 
Therefore, the aircraft model can be expressed as an 
affine nonlinear system: 
        ( ) ( ) x f x G x U            (3) 
In this article, the controller is only designed based 
on the first aircraft model while the dynamics is re-
garded as model uncertainties when the cargo is 
dropped off the plane. 
For the first model before airdropping, we have 
T
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2.2. Input-output linearization of aircraft nonlinear 
equations 
For the affine nonlinear system[9], we have 
( ) ( )
( )
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           (6) 
where xRn, URm and yRm are system’s states, in-
put and output vectors,  f Rn is a sufficiently smooth 
vector field, G(x) = [g1(x)  g2(x)  …  gm(x)], H(x) = 
[h1(x)  h2(x)  …  hm(x)]T, ( 1,2, , )i i m g is an n-D 
(n-dimensional) sufficiently smooth vector field, hi (i = 
1,2,…,m) a sufficiently smooth scalar function. 
Let i be the relative degree of yi. Through Lie de-
rivatives can be obtained 
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  g f  is tenable for at least one j, and 
Uj the jth row of U. From Eq.(7), the input-output rela-
tion can be defined as 
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If A(x) is invertible, the system can be linearized and 
decoupled by choosing U as follows: 
1 1( ) ( )   U A x B A x v           (9) 
thus 
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Next will be given the standard form of multi-
ple-input multiple-output (MIMO) system. If the sys-
tem has the total relative degree   = 1+ 2+…+m < n, 
update system states: 
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The system can be converted into a pseudo-lin-
earized system: 
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Note that PR(n )m, QRn  and the aforesaid state 
transform  : x(,) is a diffeomorphism that maps x 
onto standard coordinates. Feedback control law Eq.(9) 
makes the state vector  unobservable, i.e. 
( , , ) U                 (12) 
If dynamic within the subsystem Eq.(12) is stable, it 
is regarded as a minimum phase system. In engineering 
practices, the unobservable states would be judged 
whether they are bounded after an input is exerted and 
will not be brought under direct control. This method is 
used to verify whether the subsystem is controllable. 
In airdrop process, since flight altitude must be 
strictly monitored, the state variables pertinent to alti-
tude are specified as outputs. The system’s output vec-
tor is chosen as follows[10]:  
T[ ]V y  
Thus, y =H(x)=[h1(x)  h2(x)]T=[V  ]T. 
New state variables are chosen for the system: 
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The decoupling matrix of the system is 
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The feedback control law is 
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in which, the original system is transformed into an 
equivalent third order system as follows: 
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3. Control System Design 
3.1. Robustness analysis of variable structure control 
From the view of application, the external dynamic 
of the linearized system is always of great concern to 
users. It is required to be stable and possess good per-
formances. As for internal dynamic, the only require-
ment is stability. The internal dynamic of the system 
with warranted stability can be not considered. There-
fore, a robust controller could be designed on the basis 
of external dynamic by means of sliding mode control 
method[11]. 
As mentioned above, nonlinear terms of the system 
can be eliminated by selecting an appropriate set of 
input transformations. However, the input-output lin-
earization only fits in with systems with accurate mod-
els. In order to ensure robustness of a control system in 
the presence of system uncertainties, such as parameter 
uncertainties or unmodeled dynamics, the sliding mode 
control should be applied to the linearized system. 
Taking into account the presence of uncertainties in the 
nonlinear system Eq.(6), Eq.(8) becomes[12-13] 
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where the uncertainties represented by || || B and || || A  
are bounded. Switching surface is chosen as[13-14]  
1
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where !i is a positive constant and yid a desired re-
sponse. Differentiating Eq.(18) yields: 
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In order to design a robust controller, the exponential 
approaching law is selected for variable structure con-
trol. The input can be expressed in the following 
form[9]: 
1
2
1d
1 2d
d
( ) sgn( )
m
r
r
r
m
y
y K
y
"
  
  
       	 
  
    

U A x B CY S S

 
1
2
1
1 1 1d
=0
1
2 2 2d
=0
1
d
=0
[ ( )]
[ ( )]
=
[ ( )]
m
r
j j
j
j
r
j j
j
j
r
j j
mj m m
j
c y y
c y y
c y y



 
 
 
 
 
 
 
 
 
 
  




CY  
Substituting U and Eq.(17) into Eq.(19) yields: 
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where 1 2 Td 1d 2d d[ ]m
rr r
my y y Y . 
In order to guarantee asymptotical stability of the 
control system, ST S <0 must be ensured. Magnifying 
the inequality yields: 
%SS ýSý[ý Bý" +ý AA1CYý+"ý AA1ý+ 
ý AA1Bý+ý AA1Ydý]+KýSý2(1+ý AA1ý) 
(21) 
Ifý Aý<ýAý, and K and " satisfy K > 0, " > 
(ý Bý+ý AA1CYý+ý AA1Bý+ý AA1Ydý)/ 
(1ý AA1ý), then T 0&S S can be guaranteed. This 
means that the reaching condition of the sliding mode 
is tenable and the desired sliding mode movement is 
realizable which is guaranteed by variable structure 
control law U. 
Proper selection of parameters that satisfy the 
above-cited conditions is able to ensure stability and 
robustness of the control system, although this is the 
sufficient yet not the necessary condition of reaching 
sliding mode. What’s more, system uncertainties are 
difficult to define with an accurate expression; also, a 
simple nonlinear transformation with uncertainty in-
formation will become more complicated. For these 
reasons, an accurate calculation with the help of 
above-introduced equations could hardly be fulfilled. 
Any way, from the view of engineering practices, the 
goal for control can often be achieved by adjusting 
control structure and parameters.  
3.2. Variable structure controller design  
After input-output feedback linearization of the sys-
tem, the third-order system has been decoupled into a 
first-order and a second-order linear system as follows: 
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The desired flight velocity and pitch angle are Vd and 
d respectively. Let zd=[Vd  d]T and tracking error 
vector evec=[e  e1]T=[VVd   d]T, where Vd is a 
constant and d is determined by outer loop which is 
the feedback loop of flight altitude difference. 
A switching surface is selected for the first subsys-
tem according to Eq.(18)[15]: 
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The second switching surface is chosen as follows[15]: 
2 1 1 2s c e e   
then, 
2 1 1 2 1 2 2s c e e c e e                (24) 
The sliding surface equation is 1 2 2 0.c e e   By 
choosing a proper c1, the sliding surface would gain 
desired characteristics. 
Substituting the expressions of 2e , 2e and Eq.(22) 
into 2s yields: 
2 3 d 1 d( )s v c         
By adopting the form of exponential approaching 
law, the following is obtained 
sgni i i i is s k s"      ( 1,2)i        (25) 
where both "i and ki are constants bigger than zero. The 
principle by which to determine " and k is making " 
small and k large so as to accelerate the speed of nor-
mal movement and prevent states from surpassing 
switching surface to avoid great chattering happening. 
This control strategy can be easily implemented in en-
gineering practices[16-17]. 
From Eqs.(23)-(25), the following can be obtained 
1 1 1 1 1sgnv s k s"              (26) 
 3 2 2 2 2 d 1 dsgn ( )v s k s c"               (27) 
Substitute v1 and v3 into Eq.(15), then the input U is 
got. 
In order to secure the variable structure control sys-
tem against its inherent chattering, the method pro-
posed by J. A. Burton, et al.[18] is adopted to render sign 
function smooth. It uses Eq.(28) to replace sgn si: 
( ) ( 0)
| |
i
i i
i i
sl s
s
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        (28) 
In the end, the outer loop uses classical proportion- 
integration-differentiation (PID) operation to generate 
the desired pitch angle. Fig.1 illustrates the structure of 
the system. 
 
Fig.1  Structure of control system. 
4. Simulation Results and Analysis 
Some experiments were accomplished with the pa-
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rameters listed below and good performances were 
achieved.  
1 1 2 1 2
P I D
0.15, 0.01, 0.01, 1, 8
0.002, 0.000 6, 0, 0.01
c k k
k k k
" "
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The initial state vector of the plane is x(0) = [70 m/s  
3.8(  0  3.8(] and the flight altitude h = 20 m. The 
mass of cargo is mB = 30 000 kg and its accelerated 
speed aB = 2 m/s2. When t = 40 s, no sooner had the 
cargo been dropped off the plane than the nonlinear 
model underwent a sudden change, but at this time the 
controller kept working with the first model. As is 
shown in Fig.2 by the solid line, the system has reached 
another equilibrium state after transition process and 
the airdrop altitude changes only about 5 m, which 
means a gentle transition process and ensured safety in 
airdrop process with an allowable velocity tracking 
error in the system. 
 
 
Fig.2  System responses in variable structure control based 
on differential geometry method. 
The above-introduced simulation was done with an 
accurate model, but there always exists unmodeled 
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dynamics. Thus, another simulation is needed with the 
model considering uncertainty. In order to prove the 
robustness of the proposed control system, suppose that 
the aerodynamic coefficients have )10% uncertainty. It 
is worthwhile noting that variations of inertial parame-
ters, aerodynamic parameters, initial velocity, initial 
attitude angle and otherwise all exert influences upon 
the simulation results. As space is limited, only one 
group of simulation maps is presented. As is shown in 
Fig.2 by the dotted and dashed lines, the controller has 
great robustness against model with uncertainties. 
The superior performances of the proposed control 
system were verified by comparing it with a linear de-
sign method. Simulation was conducted under the same 
flight conditions as specified above. The linear design 
method used constant feedback matrix to control inner 
loop. It can be seen from Fig.3 that the system dynamic 
 
Fig.3  System responses based on linear design method. 
response becomes worse in the presence of uncertain-
ties in the model. The airdrop altitude changes more 
than 10 m, which demonstrates the deterioration of 
system robustness. This again corroborates the advan-
tages of the variable structure control based on the dif-
ferential geometry method, for it ensures a smooth and 
gentle transition process the instant the heavy cargo is 
dropped off the plane and thereby guarantees the safety 
of both the aircraft and pilots inside. 
5. Conclusions 
(1) Complex nonlinear differential equations of an 
aircraft are linearized and decoupled without informa-
tion lost in nonlinear coordinate transformation thus 
significantly simplifying the control system design. 
(2) Invariance of variable structure control against 
parameter alteration is brought to full play, which im-
parts the control system great robustness against pa-
rameter uncertainties occurring in the system. Simula-
tion results evidence the effectiveness of the control 
strategy. 
(3) The safety of airdrop processes is guaranteed by 
the nonlinear controller thanks to its minor flight alti-
tude variation (under 6 m) and the smooth and gentle 
transition process. 
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